PROJECTIVE STRUCTURES, GRAFTING, AND 
MEASURED LAMINATIONS 
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Abstract. We show that grafting any fixed hyperbolic surface defines a 
homeomorphism from the space of measured laminations to Teichmiiller 
space, complementing a result of Scannell-Wolf on grafting by a fixed 
lamination. This result is used to study the relationship between the 
complex-analytic and geometric coordinate systems for the space of com- 
plex projective (CP 1 ) structures on a surface. 

We also study the rays in Teichmiiller space associated to the graft- 
ing coordinates, obtaining estimates for extremal and hyperbolic length 
functions and their derivatives along these grafting rays. 



1. Introduction 

In this paper we compare two perspectives on the theory of complex pro- 
jective structures on surfaces by studying the grafting map of a hyperbolic 
surface. 

A complex projective (or CP 1 ) structure on a compact surface S is an 
atlas of charts with values in CP 1 and Mdbius transition functions. Let 
J'(S') denote the space of (isotopy classes of) marked complex projective 
structures on S, and let 7(S) be the Teichmiiller space of (isotopy classes 
of) marked complex structures on S. Because Mdbius maps are holomorphic, 
there is a forgetful projection it : 7(S) — ► 7(S). 

An analytic tradition, having much in common with univalent function 
theory, parameterizes the fiber tt (X) using the Schwarzian derivative, 
identifying 3" (5) with the total space of the bundle Q(S) — ► 7(S) of holo- 
morphic quadratic differentials. 

A second, more synthetic geometric description of l 3 3 (S) is due to Thurston, 
and proceeds through the operation of grafting - a construction which traces 
its roots back at least to Klein |Kle| §50, p. 230], with a modern history 
developed by many authors ( jCTaal] . [He]], [ST], [(53], |GKM| . [Tan] . [McM] . 
|SW ). The simplest example of grafting may be described as follows. 

Start with a hyperbolic surface X £ 7(S) and a simple closed geodesic 7 
on X; then construct a new surface by removing 7 from X and replacing it 

Date: November 30, 2007. 

2000 Mathematics Subject Classification. Primary 30F60. 

The first author was partially supported by an NSF postdoctoral research fellowship. 
The second author was partially supported by NSF grants DMS-0139877 and DMS- 
0505603. 



1 



2 



D. DUMAS AND M. WOLF 



with the Euclidean cylinder 7 x [0,t]. The result is Gr^yX, the grafting of 
X by tj, which is a surface with a (C ' Riemannian) metric composed of 
alternately fiat or hyperbolic pieces. Furthermore, Gr( 7 X has a canonical 
projective structure that combines the Fuchsian uniformization of X and 
the Euclidean structure of the cylinder 7 x [0, t] (for details, see |SW| §1] 
M §2] [KT]). 

Thurston showed that grafting extends naturally from weighted simple 
closed geodesies to the space M.£j(S) of measured geodesic laminations, and 
thus defines a map 

(1.1) Gr : MH(S) x 7{S) -> 3>(5). 

Moreover, this map is a homeomorphism; for a proof of this result, see [KT . 

A natural problem is to relate the analytic and geometric perspectives on 
the space of projective structures, for example by comparing the product 
structure of 'MH(S) x 7(S) ~ T'(S) to the bundle structure induced by the 
projection it : 3 5 (5') — > 7(S). 



Results on grafting. We compare these two perspectives by studying the 
conformal grafting map gr = -zroGr : MH(S') x 7(S) — > 7(S), i.e. gr A X is the 
conformal structure which underlies the projective structure Gr^ X. Fixing 
either of the two coordinates we have the X-grafting map gr_ X : M.£>(S) — > 
7(S) and the A-grafting map gr A : 7(S) — > 7(S). These maps reflect how 
the base coordinate of the complex- analytic fibration tt : l ?(S) — > 7(S) is 
related to the geometric product structure M£(£) x T(5) ~ ^iS). Our main 
result is 

Theorem 1.1. For each X G ^S 1 ), t/ie X-grafting map gr.X : M£(5) — > 
T(5") is a bitangentiable homeomorphism. 

Momentarily deferring a brief discussion of the term bitangentiable home- 
omorphism, we note that this theorem is a natural complement to the result 
of Scanned- Wolf on the A-grafting map. 

Theorem 1.2 (Scannell-Wolf (SWl Thm. A]). For each A G M£(S) } ifce 
map gr A : T(«S) — > T(5) «s a real- analytic diffeomorphism. 

The discrepancy between diffeomorphism and bitangentiable homeomor- 
phism in Theorems 1 1 . 1 1 and 1.2 is related to the lack of a natural differentiable 



structure on Mil (5). Bonahon showed that grafting is differentiable in the 
weak sense of being tangentiable; see §2 below or [Bon5] for details. 

Returning to the original problem of comparing different coordinate sys- 
tems for IP(5), Theorems 1 1 . 1 1 and 1 1 . 2 1 can be used to study the fiber P(X) = 
7r _1 (X) and its relation to the grafting coordinates. Let us denote the two 
factors of the map Gr" 1 : (P(5) -> ML(S) x 7(S) by 

Gr" 1 ^) = ( PML (Z), P7 (Z)). 
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Figure 1. The bundle tt : ?{S) -> T(S) of CP struc- 
tures over Teichmiiller space and the product structure Gr : 
M£(S) x T(S) ~ 9(5) induced by grafting. 



Thus the maps pml '■ ^(S) — > M£(5) and p-j : 7(S) — > T(5) send a projec- 
tive structure to one of its two grafting coordinates, and we think of them 
as projections. We prove: 

Corollary 1.3. For each X £ T(S) the restriction pjvtclp(x) ■ ^(-^0 — ¥ 
JVLC(S') is a bitangentiable homeomorphism, and p^lpm • -^*P0 — * ^('^') * s 
a C 1 diffeomorphism. 

This corollary improves the existing regularity results for these projection 
maps, from which it was known that that Pml\p[x) ls a homeomorphism 

see [D2, §4]) and that py\p<x) is a proper C 1 
Thm. 3] and jDU Lem. 7.6, Thm. 1.1]). The 



(a corollary of Theorem 



1.2 



map of degree 1 (see [Bon5 



relationship between the maps p<x, pml, and tt is represented schematically 
in Figure [T] 

One can also apply Theorem 1 1 . 1 1 and Corollary 1.3 to study the pruning 



map (the inverse of grafting) and the parameterization of quasi-Fuchsian 
manifolds by their convex hull geometry. We explore these directions in §|5j 

Methods. From a general perspective, the proof of the main theorem relies 
on relating two established techniques in hyperbolic geometry. The first is 
the analytic study of the prescribed curvature (Liouville) equation (see e.g. 
[Wo 14] jZTj , |Troj ) , and the second is the complex duality between bending 
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and twisting (see e.g. jH], [Wok?] . jWol3] . [Plaj . [SerT] . [Sct2] ^ and its 
generalization to complex earthquakes as a duality between grafting and 
shearing (see |Bon5| . jMcM] . jEMMj ). 



The first strand occurs in the proof in |SWj of Theorem 1.2 where stan- 
dard geometric analytic techniques were applied to the curvature equation 
to understand how the A-grafting map changed under small perturbations of 
the Riemann surface. Such techniques might be applicable to the analogous 
problem (of the main Theorem of understanding how the X-grafting 
map varies under small perturbations of the measured lamination, but it 
would necessarily be more involved, due to the local structure of the space 
1\1£j(S) being more complicated than that of the space T(5). 

Fortunately, most of the required details for this study of JVlX(S') are al- 
ready in the literature: here we make heavy use of Bonahon's work (following 
Thurston |Thu3]) on the deformation theory of JVIX(S') (see |Bon2] [Bon3 
|Bon4| |Bon5| ) . In particular, the crux of our proof relies on Bonahon's 
observation that there is a sense in which infinitesimal grafting is complex 
linear. This complex analyticity, in keeping with the second tradition dis- 
cussed above, implies that a study of the effect on grafting of infinitesimally 
changing the measured lamination is, by duality, a study of the effect on 
grafting of infinitesimally shearing the hyperbolic surface. Thus we may 
apply the analysis in the proof of Theorem \1.2\ to the problem of the main 
Theorem 11.11 



Grafting rays. In a final section, we study the coordinate system on Te- 
ichmuller space induced by the X-grafting homeomorphism MXL(S') — > T(5), 
and analyze the behavior of extremal and hyperbolic length functions on 
grafting rays-paths in 7(S) of the form 1 1— ► gr tA X. We show: 

Theorem 1.4. For each X E 7(S) and A E MIL(S') the extremal length of X 
on gic t xX is monotone decreasing for all t S> and is asymptotic to ^' X ^ } 
where £(X,X) is the hyperbolic length of X on X. 

Theorem 1.5. For each X E 7(S) and any simple closed hyperbolic geodesic 
7 E JvlX(S'), the hyperbolic length of 7 on gr t7 X is monotone decreasing for 

all t 3> and is asymptotic to ir ^l X ^ . 



The monotonicity and asymptotic behavior described in Theorems 1.4 



and 1.5 are combined with explicit estimates on the derivatives of length 



functions in Theorems 16^21 and 16-61 below. 



Organization of the paper. 



§2 presents the infinitesimal version of the main theorem (Theorem 2.6), 
after introducing the necessary background on measured laminations and 
grafting. The reduction to an infinitesimal statement is modeled on the 
argument of Scannell-Wolf in |S\V , and uses Tanigawa's properness theorem 



for grafting (Theorem 2.1). 
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§3 describes shearing deformations of hyperbolic surfaces, closely following 
the work of Bonahon on shearing coordinates for Teichmiiller space. Portions 
of this section are more expository than is strictly necessary for the proofs 
of the of the results, but we feel they help make the arguments easier to 
understand. The discussion culminates with the crucial complex-linearity 



result of Bonahon (Theorem 3.4) that is used in the proof of Theorem 2.6 

§4 is devoted to the proofs of Theorems 2.6 and |l.l| which follow using the 
theory developed in §§2-3. 

§5 collects some applications of the main theorem, including the proof of 



Corollary 1.3 and a rigidity result for quasi-Fuchsian manifolds. 

§6 discusses the grafting coordinates for Teichmiiller space and the asymp- 
totic behavior of extremal and hyperbolic length functions on grafting rays; 



Theorems 1.4 and 1.5 and associated derivative estimates are proved here. 



Acknowledgements. The authors thank Francis Bonahon, Howard Ma- 
sur, Yair Minsky, and Robert Penner for stimulating discussions related to 
this work. They also thank the referee for several suggestions that improved 
the paper. 

2. Grafting and infinitesimal grafting 

We begin with some background on measured laminations, grafting, and 
tangentiability, which are needed to formulate the main technical result 



(Theorem 2.6). 



Laminations. As in the introduction, S denotes a compact smooth surface 
of genus g > 1 and 7(S) is the Teichmiiller space of marked hyperbolic (or 
conformal) structures on S. We often use X G 7{S) to represent a particular 
hyperbolic surface in a given marked equivalence class. 

Let S denote the set of free homotopy classes of simple closed curves on S; 
we implicitly identify 7 G S with its geodesic representative on a hyperbolic 
surface A G 7(S). 

A geodesic lamination A on a hyperbolic surface X is a foliation of a 
closed subset of X by complete, simple geodesies. Examples of geodesic 
laminations include simple closed hyperbolic geodesies 7 G 8 and disjoint 
unions thereof. 

The notion of a geodesic lamination is actually independent of the partic- 
ular choice of A, in that a geodesic lamination on A determines a geodesic 
lamination for any other hyperbolic structure Y G 7(S) in a canonical way 
(see for example |Bon3, §1]). Thus we speak of a geodesic lamination on S, 
suppressing the choice of a particular metric. Let S&(S) denote the set of 
all geodesic laminations on S with the topology of Hausdorff convergence of 
closed sets. 

A geodesic lamination A G $£j(S) is maximal if it is not properly con- 
tained in another geodesic lamination, in which case the complement of A 
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in S is a union of ideal triangles. Every geodesic lamination is contained in 
a maximal one, though not necessarily uniquely. 



Measured laminations. A transverse measure \i on a geodesic lamination 
A is an assignment of a positive Borel measure to each compact transversal 
to A in a manner compatible with splitting and isotopy of transversals. Such 
a measure \x has full support if there is no proper sublamination A' C A such 
that n assigns the zero measure to transversals disjoint from A'. 

Let JVIX(S') denote the space of measured geodesic laminations on S, i.e. 
pairs A = (A, fj,) where A G $Jl(S) and \x is a transverse measure on A of 
full support. We denote by A(r) the total measure assigned to a transversal 
rby AeM£(S). 

The topology on MIL(S') is that of weak-* convergence of measures on 
compact transversals. The underlying geodesic lamination of A G JYlX(iS') 
is the support of A, written supp(A) G $£j(S). The space MX(S') has an 
action of M + by multiplication of transverse measures; the empty lamination 
G JA£j(S) is the unique fixed point of this action. 

For any simple closed geodesic 7 G 8, there is a measured geodesic lami- 
nation (also 7) that assigns to a transversal r the counting measure on t(~]j. 
The rays {tj \ t G M + , 7 G §} determined by simple closed curves are dense 
in M£(5). 

The space JAXj(S) is a contractible topological manifold homeomorphic to 
M 69 ~ 6 , but it does not have a natural smooth structure. Its natural structure 
is that of a piecewise linear (PL) manifold, with charts corresponding to train 
tracks. 

Detailed discussion of the space MXL(S') can be found in [Thul [EM |PH 
[Ota] . 



Grafting. As mentioned in the introduction, Thurston showed that grafting 
along simple closed curves has a natural extension to measured laminations, 
giving a projective grafting homeomorphism Gr : M£<(5) x 7(S) — * y(S) 
and a conformal grafting map gr : 'M.H(S) x 7(S) — > 7(S). Tanigawa showed 
that the latter is a proper map when either one of the two parameters is 
fixed: 

Theorem 2.1 (Tanigawa |Tan| ) . For any A G MiL(5), the X-grafting map 
gr A : 7(S) — > 7(S) is proper. For any X G 7(S), the X-grafting gr_A : 
JVtX(S') — > 7(S) is proper. 

The properness of the restricted grafting maps is used in the proofs of 
Theorems (in Q and 1.2 (in |SWj ) to reduce a global statement to a 



local one, which is then attacked using infinitesimal methods. In the case of 
A-grafting, the infinitesimal analysis is possible because gr A : 7(S) — ► 7(S) 
is differentiable, and even real- analytic [McM, Cor. 2.11]. (A related real- 
analyticity property along rays in M.£j(S) is discussed in §6 below.) 
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The main step in [S\V is to show that the differential map dgix '■ Tx7(S) — » 
T gTx x7(S) is an isomorphism. Once that is established, Theorem 1.2 fol- 



lows easily, since gr^ is then a proper local diffeomorphism of 7(S), hence a 
covering map of the simply connected space 7(S). 

We will follow an analogous outline in the proof of Theorem |1.1[ but the 
infinitesimal analysis is complicated by lack of smooth structure on JAXj(S), 
so the derivative of X-grafting does not exist in the classical sense. In- 
stead we must use a weaker notion of differentiability based on one-sided 
derivatives, which we now discuss. 

Tangent iability. A tangentiable mapQ / : U — > V between open sets in 
1" is a map with "one-sided" directional derivatives everywhere; in other 
words, for each x 6 U and v G M n , the limit 



f(x+tv)= ^ /(»+«■)-/(*) 

=0 + t^o+ t 



exists, and the convergence is locally uniform in v (for equivalent conditions, 
see |Bon5| §2]). This convergence allows us to define T x f : W 1 — > ~R n , the 
tangent map of f at x, by 



f{x + tv) 

t=0+ 



Of course if / is differentiable, then T x f is just the derivative of / at x, a 
linear map. When / is only tangentiable, the map T x f is continuous and 
homogeneous in the sense that T x f(Xv) = \T x f{v) for A 6 M + |Bon51 §1]. 

A tangentiable manifold is one whose transition functions are tangentiable 
maps; examples include smooth manifolds and PL manifolds. Thus 'M.L(S) 
has a natural tangentiable structure. The tangent space T X M at a point 
x of a tangentiable manifold is not naturally a vector space, but has the 
structure of a cone. The notion of tangentiable map extends naturally to 
tangentiable manifolds. 

We will say that a homeomorphism between two tangentiable manifolds is 
a bitangentiable homeomorphism if it and its inverse are tangentiable, and if 
the tangent maps are everywhere homeomorphisms. A convenient criterion 
for this is provided by the 

Lemma 2.2 (Bonahon |Bon5, Lem. 4]). Let f : M — > N be a homeomor- 
phism between tangentiable manifolds. If f is tangentiable, and all of its 
tangent maps are injective, then f is a bitangentiable homeomorphism. 

Bonahon showed that grafting is compatible with that tangentiable struc- 
ture of M.£j(S) in the following sense: 



^Some authors say instead that the map is one-sided Gateaux differentiable. 
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Theorem 2.3 (Bonahon |Bon5| Thm. 3]). The grafting map Gr : ML(S) x 
7(S) — > y(S) is a bitangentiable homeomorphism. In particular, the confor- 
mal grafting map gr : M£(5) x 7(S) — > is tangentiable, and for each 

X G T(S'), i/ie X-grafting map gr. A~ : M£(5) — ► T(5) is bitangentiable. 

In |Bon5j . Bonahon actually computes the tangent map of grafting to 
show that grafting is tangentiable. After developing the shearing coordinates 



in §3, Bonahon's description of the tangent map (from which Theorem 2.3 



is derived) is given in Theorem 3.4 



Differentiability. A curious feature of the tangentiability of grafting with 
respect to JVtX(S') is that some fragments of classical differentiability remain. 
For example, the inverse of the projective grafting map Gr -1 : "P(S) — > 
M.£j(S) x 7(S) factors into the two projections Pm& an d p-j (as described in 



the introduction). By Theorem 2.3, these are also tangentiable maps, but 
since both the domain and range of p<y are smooth manifolds, it makes sense 
to ask if this map is differentiable in the usual sense. Extending Theorem 



2.3 Bonahon shows 



Theorem 2.4 (Bonahon |Bon5l Thm. 3]). The map p 7 : J 5 (S') 7(S) is 
C 1 . 

In the same article, Bonahon shows that p-j fails to be C 2 for a certain 
family of punctured torus groups, which suggests that p-j may fail to be C 2 
for all Teichmiiller spaces 7(S). 

Finally we observe that p-j(Gr\X) = X, so for each A G 'M.L(S) we have 
p-j o Gr^ = Id, that is, the map Gr^ : 7(S) — > 7(S) is a smooth section of 
p-y. Since Gr : JYIX(S) x 7(S) — > T(S) is a homeomorphism, these sections 
fill up 7(S), and we conclude 

Corollary 2.5. The map pj is a C 1 submersion. 

Infinitesimal X-grafting. Using the tangentiability of grafting, we can 
formulate the infinitesimal statement that will be our main tool in the proof 
of Theorem 11.11 



Theorem 2.6. The tangent map T\gr m X of the X-grafting map has no 
kernel. That is, if Xt is a tangentiable family of measured laminations and 
i\t= + § r A t X = 0, then f t \ t=Q+ X t = 0. 

In the next two sections, we develop machinery to prove this result about 
the derivative of grafting, then strengthen it to a local injectivity result in 
order to prove Theorem Complications arise in both steps because the 
maps under consideration are tangentiable rather than smooth. 

3. Shearing 

In this section we describe the machinery of shearing cocycles for geodesic 
laminations on a hyperbolic surface, borrowing heavily from the papers of 
Bonahon |Bon4j , |Bon2] . Some examples and discussion are included here 
to clarify the technicalities that our later arguments will require. 
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Cocycles. Let G be an abelian group and let A £ $fl(S). A G-valued 
cocycle on A is a map a that assigns to each transversal r to A an ele- 
ment a{r) £ G in a manner compatible with splitting and transversality- 
preserving isotopy. The G-module of all G-valued cocycles on A is denoted 
Di(A,G). 

Of particular interest for our purposes is the vector space of cocycles for 
maximal laminations with values in M. While it is perhaps not clear from 
the definition, this vector space is finite dimensional, and the dimension is 
the same for all maximal laminations: 

Theorem 3.1 (Bonahon |Bon2| Prop. 1]). Let A £ QL(S) be a maximal 
lamination. Then 5f(A,M) ~ R 6s_6 . 

The vector space JC(A, R) carries a natural alternating bilinear form uj : 
5C(A,M) x 5C(A, R) — > M, the Thurston symplectic form, which comes from 
the cup product on (see [PH] jBon2l §3] [SB]). When A is maximal, 

the form u is nondegenerate, making !K(A, R) a symplectic vector space. 
While we do not use this symplectic structure directly in the proof of the 
main theorem, it is relevant to some of the constructions and examples in 
the sequel. 

If A £ 'MXj(S) is a measured lamination with supp(A) C A £ 3&(S), then 
the total measure r i— > A(r) defines a real- valued cocycle on A, which we also 
denote by A £ JC(A,M). Cocycles arising from measures in this way take 
only nonnegative values on transversals; Bonahon showed that the converse 
is also true. 

Theorem 3.2 (Bonahon [Bon4, Prop. 18]). A transverse cocycle a £ 3f(A,R) 
arises from a transverse measure for A if and only if a[r) > for every 
transversal r. 

We therefore define M(A) C IK(A,R), the cone of transverse measures for 
A, to be the set of cocycles a satisfying ol(t) > for all transversals r. The 
set M(A) is a convex cone in the vector space JC(A, R). 

While positive real-valued cocycles on A correspond to transverse mea- 
sures, there is an essential difference between a real-valued cocycle a £ 
IK(A, R) (whose value on a transversal is a real number) and a signed trans- 
verse measure on A which assigns a countably additive signed measure to 
each transversal r (see Examples l|2 below). 



An analogous situation is the set function [a, b] ^ (/(&) — /( a ))> where / 
is a real-valued function; this is a finitely additive function on intervals, but 
it only arises from a signed Borel measure if / has bounded variation (which 
is automatic if / is monotone). The connection between this example and 
real-valued cocycles for a lamination can be seen through the "distribution 
function" f(x) = a{r x ) where a £ IK(A,R), r : [0, 1] — ► S is a transversal, 
and t x = v|r 0a .|. This function is defined for a.e. x £ [0, 1] and monotonicity 
(for every r) is equivalent to a being nonnegative. 
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The difference between measures and cocycles is also apparent from the 
dimension of the span of DVC(A), which is often 1 (by the solution to the Keane 
conjecture, see [Mas2] |Vee] |Ree] |Kerl] l and is never more than (3g — 3) 
(because for maximal A, the space J{(A, IR) ~ IR 6ff_6 is a symplectic vector 
space in which span(M(A)) is isotropic, see |Pap] |Levj jKat j ) . It follows 
that M(A) has positive codimension when, for example, A is maximal. 

Shearing coordinates. Let A £ S-C(S') be a maximal lamination, realized 
as a partial foliation of X £ 7{S) by hyperbolic geodesies. Its lift A to the 
universal cover X ~ H 2 determines a (not necessarily locally finite) tiling of 
H 2 by ideal triangles. 

A transversal r : [a, b] — > H 2 to A determines a pair of ideal triangles T a 
and Tf, which are the complementary regions of A containing r(a) and t(6). 
In |Bon2] . Bonahon constructs a shearing cocycle <j(X) = a^(X) £ J{(A,IR) 
from these data with the property that <j{X){t) measures the "relative 
shear" of the triangles T a and T& in H 2 . For example, the relative shear 
of two ideal triangles that share an edge is the signed distance between the 
feet of the altitudes based on the common side. 

Remarkably, <r{X) determines the metric X, and the set of such cocycles 
admits an explicit description. Let C(A) C "K(A, R) denote the set of R- 
valued cocycles that arise as shearing cocycles of hyperbolic metrics, and 
recall that u : !H(A, IR) x %(A, IR) — >• IR is the Thurston symplectic form. 

Theorem 3.3 (Bonahon |Bon2| Thm. A,B]). A cocycle a £ 5C(A,R) is the 
shearing cocycle of a hyperbolic metric if and only if only ifuj(a,ix) > for 
all \i £ M(A), and 6(A) is an open convex cone with finitely many faces. 
Furthermore a : 7(S) — * 6(A) is a real-analytic diffeomorphism. 



The condition oj(a, n) > in Theorem |3.3| is necessary because for each 
H £ M(A), the Thurston pairing u)(a(X), fi) is the hyperbolic length of /i on 
X jBomjl Thm. 9]. 

While the convex cone C(A) has finitely many faces and is a union of open 
rays in J{(A,]R), the zero cocycle £ IK(A,IR) is not an extreme point of 
C(A). In fact, the vector space of signed transverse measures (i.e. spanM(A)) 



is cj-isotropic (see [Pap]), and therefore 

(3.1) spanM(A) C dC(A). 

A schematic representation C(A) appears in Figure [2] where 36(A) contains 
a one-dimensional subspace of Jf(A,IR). 

Remark. Thurston parametrizes 7(S) by a convex cone of shear coordinates 
in §9 of [ThuS]. The setting is in terms of duals to weights on train tracks, 



but the results are equivalent to those in Theorem 3.3 



Shearing maps. We now use the shearing embedding a : 7{S) — > !H(A,IR) 
to turn translation in the vector space J{(A, IR) into a (locally-defined) map 
of Teichmuller space. 
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a(X) 




a(X) +ta = er(sh fa X) 



Figure 2. The shearing map is a translation in the shearing 
embedding of 7(5) in 5C(A,R). 

Let A G 7(5) and a G 5f(A,R). If the sum cr(X) + a is the shearing 
cocycle of a hyperbolic surface, we call this hyperbolic surface she, A, the 
shearing of X by a. Thus sh a X is defined by the condition 

(3.2) cr(sh a X) = a(X) + a. 

Since <x(7(5)) = 6(A) is open, there is a neighborhood U C 5€(A,R) x T(5) 
of {0} x 7(5) in which the shearing map sh : U —* 7(5) is well-defined. 

In particular, for any fixed A G 7(5) and a G JC(A, R) there is some e > 
such that sh ta X is defined for all \t\ < e (see Figure [2j, and 



We consider a few examples of shearing maps to highlight the role of 
C(A) and the fact that she, A is not defined for all pairs (a, A). First, if 
A contains a simple closed geodesic 7, then for each t 6 M the cocycle tj 
is a signed transverse measure. Furthermore, for all A G 7(5), we have 
(0- (A) + tj) G 6(A), since £7 C M(A) and the span of M(A) is u- isotropic; 
thus shf 7 A is defined for all £ G R. Concretely, the hyperbolic surface sht 7 A 
is obtained from A by cutting along the geodesic 7 and then gluing the two 
boundary components with a twist (by signed distance £). 

This twisting example has a natural generalization: given a cocycle A G 
IK(A, R) representing a transverse measure for A, the shearing sh t ^(A) is 
again defined for all £ G R and the resulting map sh^ : 7(5) — ► 7(5) 
is called an earthquake. For further discussion of earthquakes, see |Thu2] 



d 
dt 



a (sh to A) = a. 



[Ker3] [EM] (Boril] [McMj . 
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As a final example, consider shearing a surface X using a cocycle a G 
IK(A, R) that is itself the shearing cocycle of a hyperbolic surface, i.e. a G 
C(A). For any transverse measure A G M(A), the hyperbolic length of A on 
shjQ, X can be computed using the Thurston intersection form uj (cf. [Bon2 , 
Thm. 9]), and we have 

(3.3) £(X, sh to X) = u(cr(X) + to, A) = £(X, X) + tu(a, A) = A + Bt 

where A, B > 0. Since the length of a measured lamination is positive, it 
follows that the set of t for which o~(X) + to is the shearing cocycle of a 
hyperbolic metric (and hence those for which sht Q X exists) is a subset of 
{t > —(A/B)}. 

Tangent cocycles. Let Af G M£(S), i G [0,e) be a tangentiable ray of 
measured laminations. We will represent the tangent vector Jj| t _ 0+ At by a 
transverse cocycle to a certain geodesic lamination (as in |Bon3| ) . We first 
describe the underlying geodesic lamination. 

The essential support of Xt at t = + is a geodesic lamination A G 9^(5*) 
that reflects how the support of At is changing for small positive values of 
t. For a PL family of measured laminations Xt, the essential support is 
the Hausdorff limit lim < _ >0 + supp(At) of the supporting geodesic laminations 
|Bon3[ Prop. 4]. For the general case, we only sketch the construction, and 
refer the reader to |Bon3, §2] for details. 

First lift At to a family At of measured geodesic laminations in H 2 . Define 
a set A of geodesies in H 2 as follows: a geodesic 7 belongs to A if and only 
if for every smooth transversal r : [— e, e] — ► H 2 with r(0) G 7, the total 
transverse measure of r with respect to At is at least Ct for some C > 
(depending on r and 7) and all t sufficiently small. Then A is the lift of a 
geodesic lamination A G 9^(5*), the essential support of Af. 

The tangent vector ^| t _ 0+ At defines a real- valued transverse cocycle A G 
"K (A, M) on the essential support as follows: 

A(r)= lim i(A t (r)-A (r)). 
^0+ t 

This is the tangent cocycle of At at t = + . Clearly the same formula defines 
a cocycle for a lamination containing the essential support of At, so as a 
convenience we may assume A is maximal. We illustrate this construction 
with two examples: 

Example 1. The cocycle determined by a measured lamination X G M(A) 
is the tangent cocycle of the "ray" At = (1 + t)X G MXL(S') at t = + . 

Example 2. Let S be a punctured torus with meridian a and longitude (3 
(putting aside our assumption that S is compact for a moment), and consider 
the family At G JYlX(S') defined by the conditions Xt(a) = 1 and Xt{(3) = t. 
Thus for each n G N ; the measured lamination A]/ n is a simple closed curve 
with homology class (n[a] + [/?]) and weight 1/n. 
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The essential support of Xt att = + is the geodesic lamination A = aUn, 
where r/ is an infinite simple geodesic that spirals toward a in each direction. 
The derivative A G JC(A, M.) is a cocycle with full support and indefinite sign 
(compare Bonahon's example |Bon3, p. 104] J. 

This second example shows that the tangent cocycle may not be a trans- 
verse measure, and the essential support may not admit a measure of full 
support. This illustrates some of the difficulties of using differential methods 
on the space of measured laminations and of adapting the methods in [SW 
to prove the main theorem. 

Following Thurston, Bonahon showed that the association of a cocycle 
A to a tangentiable family Xt provides a linear model for each PL face 
of the tangent space T\ ML(5) (see |Bon3] . |Thu3| §6]). When supp(Ao) 
is not maximal, however, no single maximal lamination A can be chosen to 
contain the essential support of every family A^, and so there is no embedding 
T Ao ML(S) -> 3£(A,R). 

In contrast, when supp(Ao) = A is maximal (a generic situation that 
excludes, for example, closed leaves), the tangent cocycle construction de- 
fines a homeomorphism T\ M,L(S) ~ !K(A,M), giving the tangent space a 
canonical linear structure. This was observed in |Thu3| . 

Complex linearity. So far we have seen real-valued cocycles on geodesic 
laminations arise in two different contexts: first as shearing cocycles pro- 
viding coordinates for 7(S), and then as tangent vectors to families of mea- 
sured laminations. Building on these two constructions, the following result 
of Bonahon will allow us to connect the derivative of grafting with respect 
to 7(S) and ML (5): 

Theorem 3.4 (Bonahon |Bon5l Prop. 5] |Bon2| §10]). Let X G 7(S) and 
A G ML (5). For each maximal geodesic lamination A G SL(S') containing 
the support of A, there is a complex-linear map L = L(A, A, X) : JC(A, C) — ► 
TcrxX^iS) which determines the tangent map of Gr in tangent directions 
carried by A, in the following sense: 

Let Xt G ML(S') be a tangentiable family of measured laminations with 
Xq = X and with essential support contained in A, and let X = ^| 4 _ + Xt G 
1K(A, R). Let Xt G 7(S) be a smooth family of hyperbolic structures with 
Xq = X whose derivative in the A shearing embedding is a = ^\ t _ Q+ a(Xt). 

Then 1 1— > Gr^ t Xt is a tangentiable curve in T(S) and 

Gr At = L(& + ik) 

t=o+ 

Similarly gr : ML (5) x 7(S) — ► 7(S) is tangentiable and its derivative has 
the same complex linearity property. 



d 
dt 



In terms of the piecewise linear structure of ML (5), Theorem 3.4 says 
that on each linear face of the tangent space Tn x)pVtL(S') x 7(S)), the 
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tangent map Tr\,x) g r is t ne restriction of a complex-linear map !H(A, C) — ► 
T gTx xT(S) (see [Bon5l §2] [Bon2l §10]). 

4. Proof of the main theorem 

With the necessary background in place, we can now show that the tan- 
gent map of gr. X has no kernel. 



Proof of Theorem \2.(l\ Fix X and suppose that ^ | t=Q+ gr At X = 0. Let 
A G 3f (A, M) denote the derivative of Aj at t = + , with A 6 9^(5*) maximal. 
We must show that A = 0. 

For all t sufficiently small, the shearing Xt = sh+i X 6 'J'(S') is defined 



f/f 

d 



and satisfies AQ) = X and A = ^a(Xt). Therefore by Theorem 



dt 



t=o+ 



? r A X t 



iL(X) = L(iX) = | 



t=o+ 



where L is the complex-linear map representing the tangent map of gr in 
tangent directi ons c arried by A. 



By Theorem 1.2 gr Ao is an immersion, and so ^| f _ + AQ = 0. Thus 



A=^(X,) = 0. 



□ 



If the grafting map were continuously differentiable in the usual sense, the 
proof of the main theorem would now be straightforward, using linearity of 
the derivative and the inverse function theorem to conclude that gr_ AT is a 
local diffeomorphism. We will follow this general outline, but we will need to 
use additional properties of the grafting maps to strengthen the infinitesimal 
result to a local one. 

In fact, some argument specific to grafting is necessary at this point. In 
general, a tangent map that has no kernel need not be injective (consider 
C — > M + by z i— > \z\ at z = 0), and even if the tangent map is injective, 
tangentiability does not imply the continuous variation of derivatives needed 
for the inverse function theorem. 

With these potential problems in mind, we analyze the X-grafting map 
gr_ X as the composition of the projective AT-grafting map Gr. X and the 
smooth projection vr : 7(S) -> T(5). Let N = dim 1(5*) = dim MX (S) = 
idim0 5 (S*) = 6g-6. 

Let G x = {Gi\ X\\ £ M£(S)} C 9(S) denote the image of Gr. X. Recall 
the map p<y : T(S) — > 7(S) is defined by p^Gr^ X) = X, and so Gx = 
pZ(X) is a fiber of this map. Since p<j is a C 1 submersion (by Corollary 



2.5), the set Gx is actually a C 1 submanifold of 3 5 (5') of dimension N 
dim y(S) — dimT(5). In particular, Gx is smoother than its tangentiable 
parameterization by MX (S) would suggest. 

We can recast Theorem |2.6| as a result about the tangent space to Gx as 
follows: 
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Theorem 4.1. For any X G 7(S), the G 1 submanifold Gx C IP (5) is 
transverse to the map ir : l ?(S) — > 7(S); that is, for any Z G Gx, we have 
TzGx H (keraV) = {0}. Equivalently, the distributions keraV and kerdpj 
in Ty{S) are transverse. 

Proof. Suppose not, i.e. that there exists v G {TzGx H kerdvr) with ?) / 0. 
Since Z £ Gx, we have Z = Gr^ X for some A € JYIX(S'). Choose a C 1 
path Z t in Gx with Zq = Z and ^| t=0 + = v, and let Gr _1 (Z t ) = (At, X). 
Since Gr -1 is a bitangentiable homeomorphism, the family At is tangen- 



tiable and satisfies Jj| t=0 +At ^ 0. On the other hand, 4 |;. = n+ 
" 1 Tr(-^t) = d7r( 4f\ t=n+ Z t ) = 0, contradicting Theorem 



dt \t=o+ 



2.6 



X 



□ 



While a general tangent map can have no kernel and yet fail to be infec- 
tive, the fact that Gx is G 1 (and thus has linear tangent spaces) rules out 
this behavior for Gr. X: 

Theorem 4.2. The tangent map X^gr. X of the conformal X -grafting map 
is a homeomorphism. 

Proof. We study the diagram of grafting maps: 

Gr. x 



M£(5) 



gr.X 



G x C 3>(S) 



7(S) 



Fix A G JVtX(S') and for brevity let / = T\ gr. X be the tangent map of the 
conformal X-grafting map; our goal is to show that / is a homeomorphism. 

Similarly, let F = T\ Gr. X be the tangent map of the projective X- 
grafting map. Then / = dir o F, where dir is the differential of it : 'P(S) — » 
T(5) at Z = Gi\ X, i.e. the tangent maps form a corresponding diagram: 



T A ML(S) 



T z Gx CT Z T(S) 



dn 



Ttt(Z)7(S) 

Note that F and / are continuous homogeneous maps, while dir is linear. 

Since Gr is a tangentiable homeomorphism, its restriction Gr. X : JdL(S) - 
7(S) is a tangentiable injection, i.e. its tangent map F is both injective and 
a homogeneous homeomorphism onto its image. Since Gx is a G 1 subman- 
ifold of 3>(S), the image of F is the linear subspace T Z G X C T Z "P(S). 

First we show that / injective. Suppose on the contrary there exist 
Ai,A2 G T\M.£j(S), distinct and nonzero, and /(Ai) = /(A2). Then v = 
F(X\) — F(\2) G TzGx is nonzero since F is injective, and so v G keraV, 
which contradicts Theorem 14.11 



16 



D. DUMAS AND M. WOLF 



Thus / : T\M£j(S) — ► T gTx x7(S) is injective. Since / is also a homoge- 
neous map between cones of the same dimension, it is a homeomorphism. □ 

Remark. The fact that T\ Gr. X is a homeomorphism onto a linear subspace 
of Tq Tx x^iS) is also observed by Bonahon in the proof of Prop. 12 in |Bon5 . 

Finally we complete our study of Gr. X and gr. X by proving the main 
theorem: 

Proof of Theorem \1.1\ Let us consider the restriction of the forgetful map 
vr : T(S) -► 7(S) to the G 1 submanifold G x C (P(5). Since Gx is iV- 
dimensional, this projection is a local diffeomorphism at Z G Gx if the 
subspaces TzGx and kere?7r of T^J > (5) are transverse (by the inverse func- 



tion theorem). By Theorem 4.1, this is true for every Z £ Gx, so tt| Gx is a 
local G 1 diffeomorphism. 

Thus the conformal X-grafting map is the composition of the homeo- 
morphism Gr. X : JAXj(S) — * Gx and the local homeomorphism k\q x '■ 
Gx — * 7(S), so gr. X is a local homeomorphism. As we noted in Section 
U by the properness of gr. X (Theorem |2.1[) , it follows that this map is a 



homeomorphism. Thus X-grafting is a tangentiable homeomorphism with 



injective tangent maps (Theorem 4.2), which by Lemma 2.2 is a bitangen- 



tiable homeomorphism. □ 

5. Applications 

In this section, we collect some applications of the main theorem itself and 
of the techniques used in its proof, and we discuss some related questions 
about grafting coordinates and CP 1 structures. 

Pro jections. We begin by proving the main corollary of Theorems 1 1 . 1 1 and 
1.2 about the grafting coordinates for a fiber P(X) = n (X) C 7(S): 



Corollary 1.3 For each X G 7(S), the space P(X) of CP 1 structures on 



X is a graph over each factor in the grafting coordinate system. In fact, we 
have: 

(1) The projection Py|p(x) : — ► 7(S) is a G 1 diffeomorphism. 

(2) The projection pjvtclp(x) • — * MXL(5) is a bitangentiable 
homeomorphism. 

Proof. First we consider the regularity of the maps. Bonahon showed that p<y 



is G 1 (Theorem 2.4 ) , and py^ti is tangentiable becau se it is the composition of 



Gr , a bitangentiable homeomorphism (Theorem 2.3), and the projection 
to one factor of a product of tangentiable manifolds. 

(1) Proof that PtIp(x) * s a diffeomorphism. First of all, the map PtIp(x) 
is a homeomorphism because it has inverse map 

Y i-> Gr (gr _x)-i(y)^ 
where the map (gr.X)- 1 : 7(S) -» MC(5) exists by Theorem [LT] 
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Thus it suffices to show that po*|ppn is a l° ca l diffeomorphism. 
But the kernel of dp<j\ P ^ X ) is the intersection of ker dn and ker dp<j in 
TT(S), which is zero by Theorem 4.1. So the derivative of Pi\p^x) 



is an isomorphism, and by the inverse function theorem this map is 
a local diffeomorphism. 
(2) Proof that Pml\p(x) ^ s a bitangentiable homeomorphism. As in ([!]), 
we first show that Pml\p[x) ls a homeomorphism by exhibiting an 
inverse map, 

A ^ Gr x {&-\Y)) 
where gr^ 1 exists by Theorem 



1.2 



By Lemma 2.2 we need only show that the tangent map of Pml\p 



is everywhere mjective. That this tangent map has no kernel also 
follows easily from Theorem 1.2 but to show injectivity we will use 



an argument modeled on the proofs of Theorems 2.6 and 4.2 



Suppose on the contrary that two distinct, nonzero tangent vectors 
Vi, v 2 € TzP(X) have the same image in T\M£j(S) under the tangent 
map of pjvtC) where Z = Gr\Y. Then differentiable paths in P{X) 
with tangent vectors v\ and V2 are mapped by Gr -1 to tangentiable 
paths Gr. { i) Y t (1) and Gr. (2) Y t {2) , 



respectively, where Y^ = Y and 



\ { k) = A for k 



1,2. 



In this notation, the image of by the tangent map TzPmXj is 



dt \t=o+ * 



A; , so we have 



A 

dt \t=o+ 



(i) 



—I 

dt \t= 



A, 



(2) 



A. In partic- 



ular there is a single geodesic lamination A containing the essential 



support of both families AJ 
fines a cocycle A G !K(A, 



and their common tangent vector de- 
Using the shearing embedding of Te- 



ichmiiller space in 5£(A,M) gives cocycles &k 
and since v\ / V2 we have t\ / &2- 



dt\t=o+ \ a V r t 



))■ 



By Theorem 3.4, there is a complex-linear map L : JC(A, 



Tx7(S) that gives the tangent map of Gr for tangent vectors to 
M,£j(S) x 7(S) at (A, A) representable by complex- valued cocycles 
on A, so Vf. = L{d~k + iX). Now consider a = b\ — &2 ^ 0, which is 
the tangent vector to the shearing family Yt = sh^ Y; we have 



d 
dt 



t=o+ 



Gv x Y t = L(&) 



and so | |t: 



=0+ gr A Yt -- 
0, and so a = || t=Q+ 
map of pml is injective, as required. 



L + - {a 2 + i\) 
vi-v 2 e T Z P(X), 

implies that 4f 



1.2 



= 0, which by Theorem 

cj A (yj) = 0, a contradiction. Thus the tangent 



t=o+ 



Y 



□ 
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Remark. Since Bonahon constructs an explicit example to show that the 
full projection map p-j : 'J'(S) — > 7(S) is not necessarily C 2 , it would be 
interesting to know if a similar construction could be used to show that 
Pt\p(x) nee d not be C 2 . 

Pruning. Since the A-grafting map gr A : T(5) — > 7(S) is a homeomorphism 



(Theorem 1.2), there is an inverse map pr A : 7(S) — > 7(S) which we call 
pruning by A. Roughly speaking, grafting by A inserts a Euclidean subsurface 
along the leaves of A, and pruning by A removes it. Allowing A to vary, we 
obtain the pruning map pr : JYLC(S') x 7(S) — > 7(S), and fixing X we have 
the X-pruning map pr X : M£(S) x {X} -» 7(5). 

We can reformulate Corollary |1.3| in terms of pruning as follows: 

Corollary 5.1. For each X £ 7(S), the X-pruning map pr.X : M£(5) — > 
7(S) is a bitangentiable homeomorphism. 

Proof. The graph of the X-pruning map consists of the pairs (A, Y) such 
that gr A y = X, which is simply the fiber P{X) C 9(S) ~ M£(S) x 7(S). 
In terms of the projections projections Pmz '■ P{X) — ► ML (5) and pq- : 
P(X) — > T(<5), we have pr. X = P7°Pj^^i which is a bitangentiable homeo- 



morphism by Corollary 1.3 □ 



Previously it was known that pr_X is a "rough homeomorphism", i.e. a 
proper map of degree 1 , and that is has a natural extension to the Thurston 
compactification of 7{S) and the projective compactification of M£(S) by 
EMC(iS') = (M£(S I ) — {0})/M + . Furthermore, the resulting boundary map 
EMC(S') — * IMC(S') is the antipodal map relative to X. For details, see |D1] . 



Internal Coordinates for the Bers slice. Let Q7 = Q7(S) denote the 
space of marked quasi-Fuchsian hyperbolic 3-manifolds homeomorphic to 
Sxl (see |Berl] |Nag| ) . Each such manifold M € Q7 has ideal boundary 
dooM = Y + U y_ with conformal structures Y± £ 7(S) and convex core 
boundary surfaces X± G 7(S) with bending laminations X± £ MXL(5) (rep- 
resented schematically in Figure [3]). Furthermore, the convex core and ideal 
boundary surfaces satisfy gr A± X± = Y± ( |McM| Thm. 2.8], see also |KT] ) . 

In his celebrated holomorphic embedding |Ber2j of the Teichmiiller space 
7{S) into C 35 " 3 , Bers focused on the slice Sy C Qff of those quasi-Fuchsian 
manifolds with a fixed ideal boundary surface Y_ = Y . Bers showed that 
a quasi-Fuchsian manifold M G Hy is uniquely determined by its other 
conformal boundary surface Y + £ 7(S), which can be chosen arbitrarily 
(the Simultaneous Uniformization Theorem |Berl] ). 

A corollary of our main theorem is that Sy may also be parameterized 
by the hyperbolic structure X_: 



Corollary 5.2. Let AI,M' £ Q7 be marked quasi-Fuchsian manifolds, and 
suppose an end of M (respectively M') has ideal boundary Y (resp. Y') and 
the associated convex core boundary surface has hyperbolic metric X (resp. 



PROJECTIVE STRUCTURES, GRAFTING, AND MEASURED LAMINATIONS 19 




Figure 3. Geometric data associated to a quasi- Fuchsian 
manifold M £ QJ. In a Bers slice, Y— is fixed. 



X'). If Y and Y' are conformally equivalent and X and X' are isometric, 
then M is isometric to M' . 

Proof. By hypothesis Y 1 = Y and X' = X as points in Teichmiiller space, 
so the bending measures A and A' of the convex core boundaries satisfy 
gr A X = giy X = Y. By Theorem we have A = A'. 

A quasi-Fuchsian manifold M is uniquely determined up to isometry by 
the hyperbolic metric X and bending lamination A of one of its convex core 
boundary surfaces, since one can use X and A to construct the associated 
equivariant pleated plane in H 3 and its holonomy group it\M C PSL2(C) 
(see |EM| ) . As M and M' share these data, they are isometric. □ 

For another perspective on this corollary, we can consider the Bers slice 
Hy as a subset of P(Y), where a quasi-Fuchsian manifold M G "By is identi- 
fied with the projective structure it induces on its ideal boundary surface Y. 
Then Corollary |5.2| is equivalent to the statement that for every Y G 7(S), 
the projection map PtIb y • ~~ 7(S) is injective. Of course this can also 



be derived from Corollary 1.3 which shows, furthermore, that Pt\-b y is a 
C 1 embedding (since H>y C P(Y) is open). 

Remarks. 

1. In [SW], it was observed that a manifold M € Hy is also determined 
by the bending lamination A- G 3VLC(iS r ) on the same side as the fixed 
conformal structure Y. It is not known whether either the bending 
lamination A+ or the hyperbolic structure X + determine elements 
of By. 

2. More generally, one can ask what geometric data determine M G 
up to isometry. Bonahon and Otal [BO] showed that if A+ and A_ 
bind the surface and are supported on simple closed curves, then 
the pair (A+, A_) determines M G QGF uniquely. Recently, Bonahon 
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|Bon6 showed that this restriction to simple closed curves may be 
lifted for elements of Q7 which are sufficiently close to the Fuchsian 
subspace 7 C Q7, and Series |Ser3 proved that A + and A_ determine 
M when S is a once-punctured torus. 



6. Grafting coordinates and rays 

In this final section we discuss how the ray structure of M.C(iS') is trans- 
ported to 7(S) by the .^-grafting map. 

Recall (from Section [2J that the action of M + on M-C(S') by scaling trans- 
verse measures gives this space the structure of a cone, with the empty 
lamination as its base point. By Theorem for each X G 7(S) we can 
use the X-grafting map to parameterize the Teichmiiller space by JVIX(S'), 
providing a global system of "polar coordinates" centered at X. In this 
coordinate system, the ray M + A E MX(S') corresponds to the grafting ray 
{gr tA X 1 1 € a properly embedded path starting at X, and Teichmiiller 
space is the union of these rays. 

It would be interesting to understand the geometry of this coordinate 
system, and especially the grafting rays. Thus we ask: 

Question. What is the behavior of the grafting ray t h- > gr i7 X and how 
does it depend on A and XI 



Theorems 6.2 and |6.6| below address this question by estimating the ex- 
tremal and hyperbolic lengths of the grafting lamination (and their deriva- 
tives) along a ray. The asymptotic behavior of certain grafting rays in 
relation to the Teichmiiller metric has also been investigated by Diaz and 
Kim, see |DK] . 

Naturally, one first wonders about the regularity of grafting rays, since the 
grafting map itself exhibits a combination of tangentiable and differentiable 
behavior. However, along rays the grafting map is as smooth as possible: 

Theorem 6.1 (McMullen [McMJ. The grafting ray t ^ gr tA is a real- 
analytic map from M + to 7(S); in fact, it is the restriction of a real-analytic 
map {t > — e} — > 7(S) for some e > (depending on X). Furthermore, if 
X n — ► A in M£(5), then the \ n grafting rays converge in C u to the A grafting 
ray. 

Remarks. 

1. In |McM] it is shown that for any A € MX(S'), the complex earth- 
quake map eq^ : H — > 7{S) is holomorphic and extends to an open 
neighborhood of HUM (Proposition 2.6 and Theorem 2.10). Further- 
more these maps vary continuously with A G M£(S) (Theorem 2.5), 
as do their derivatives, since they are holomorphic. Since the graft- 
ing ray is the restriction of the complex earthquake to iR, Theorem 



6.1 follows immediately. 
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2. The regularity of grafting rays and complex earthquakes is closely 
related to (and in part, an application of) the analyticity of quake- 
bend deformations of surface group representations in PSL2(C) es- 
tablished by Epstein and Marden [EM . 

Extremal length. When A is supported on a simple closed geodesic 7, it 
is clear that a large grafting will result in a surface in which 7 has small 
extremal length, because gr t X contains an annulus of large modulus ho- 
motopic to 7. Refining this intuition, we will establish the estimate: 

Theorem 6.2. For each X E 7(S), the extremal length of X is of order 1/t 
on the X-grafting ray t 1— > gi t \X and is monotone decreasing for all t 0. 
Specifically, we have 

(1) E{\,gT tx X) = ^ + 0{t^), and 

(2) |i?(A,gr a X) = ^)+0(t- 3 ) 

where E(X,Y) denotes the extremal length of X on the Riemann surface Y . 
The implicit constants depend only on x{S). 

Note that Theorem 16.21 includes the results stated in the introduction as 



Theorem 1.4 Before giving the proof of Theorem 6.2 we fix notation and 



recall some concepts from Teichmiiller theory used therein. 

Annuli. Let A be an annular Riemann surface of modulus M and let 
E{A) = 1/M = E(j,A) be the extremal length of 7, the nontrivial iso- 
topy class of simple closed curves on A. Then A is isomorphic to a rectangle 
Ra = [0, E(A)\ x (0, 1) C C with its vertical sides identified. We call the 
complex local coordinate z on A coming from this realization the natural 
coordinate for A. Similarly, the induced flat metric \dz\ on A is the natu- 
ral metric, with respect to which A is a Euclidean cylinder of height 1 and 
circumference E(A). 

Jenkins-Strebel differentials. For any isotopy class 7 of simple closed 
curves on a compact Riemann surface X, there is a unique embedded annulus 
Ay C X homotopic to 7 of maximum modulus Mod(Ay) = l/E(j,X). 
The annulus Ay is dense in Y, and if z is the natural coordinate for Ay, 
the quadratic differential dz 2 on A extends holomorphically to a quadratic 
differential on X, the Jenkins-Strebel differential for 7. 

Foliations. A holomorphic quadratic differential <f> on a Riemann surface X 
has an associated singular horizontal foliation 3~(</>) whose leaves integrate 
the distribution of tangent vectors v satisfying (f>(v) > 0. Integration of 
I Im^/<j)\ gives a transverse measure on 7((p). Similarly 3~(— </>) is the vertical 
foliation, whose transverse measure comes from | Re y/4>\ . 

When <j) is a Jenkins-Strebel differential on a compact surface, the nonsin- 
gular leaves of 3~(0) are closed and homotopic to 7; in the realization of the 
Jenkins-Strebel annulus Ay as a rectangle with identifications, these are the 
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horizontal lines, while leaves of 9 r (— (f>) are vertical lines. The transverse mea- 
sures for &((j>) and 3 r (— (f>) are given by \dy\ and \dx\ in the rectangle, respec- 
tively. Thus the closed leaves of 3~(</>) have total measure E(A^) = E(^, X) 
with respect to the transverse measure of the vertical foliation Fur- 
thermore these closed leaves realize the minimum transverse measure among 
all curves homotopic to 7 (see |Gad Lem. 11.5.3]). 

Pairing and extremal length. The natural pairing between Beltrami 
differentials /i = [i(z)dz/dz (with n{z) £ L°°) and integrable holomorphic 
quadratic differentials <fi = (j)(z)dz 2 on a Riemann surface X is given by 

(//,</>)= Re / fj,<f)= / n(z)(j)(z) \dz\ 2 . 
Jx Jx 

When X = A is an annulus with natural coordinate za, pairing a Beltrami 
differential with <fi = dz\ gives the infinitesimal change in extremal length 
E(A) (see |Gar| §1.9]); that is, if A t is a family of annuli identified by a 
family of quasiconformal maps with derivative /it, then 

(6.1) j t E{A t ) = 2(ix{t),dz%). 

Similarly, when is a Jenkins-Strebel differential on a compact surface X, 
pairing with <fi gives the differential of the extremal length function on Te- 
ichmuller space: 

Theorem 6.3 (Gardiner [Gar) Thm. 11.8.5]). Let t i-> X t £ 7(S) be a 
differentiable path whose tangent vector is represented by the Beltrami dif- 
ferential n(t) on Xt. Let 7 be an isotopy class of simple closed curves and 
E{t) = E{"f,Xt) its extremal length on Xt. Then 

E'(t) = 2(^t),<p(t)) 

where (f>(t) is the Jenkins-Strebel differential for 7 on Xt. 

Stretching annuli. Let X be a compact Riemann surface and A C X 
an annulus in the homotopy class of 7, a simple closed curve. The natural 
coordinate z on A gives a Beltrami differential dz/dz on A, which extends to 
a Beltrami differential on X by setting it to zero on (X— A). This differential 
represents an infinitesimal affine stretch of A. We will be interested in the 
extent to which dz/dz affects the extremal length of 7, as estimated in 

Lemma 6.4. Let A C X, 7, and z be as above, and let (ft be the Jenkins- 
Strebel differential on X for 7. Then 

where E(A) = E(^,A) and E(X) = E(j,X) are the extremal lengths 0/7 
on these two surfaces. 



Remarks. 
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1. When A = is the Jenkins-Strebel annulus (of maximum mod- 



ulus), we have E(A) = E(X) and both inequalities in Lemma 6.4 
become equalities. However this is clear since dz/dz = <f>/\<f>\ if z is 
the natural coordinate of the Jenkins-Strebel annulus. The point of 
the Lemma is that we also have tight bounds for the pairing when 
A has nearly maximum modulus. 
2. A related estimate for nearly maximal annuli is used in Kerckhoff 's 
proof of that that foliation map 7 : Q{X) — > MX (5) is a homeomor- 
phism, see |Ker21 Lem. 3.2]. 

Proof. Throughout the proof we use the natural coordinate z to identify A 
with a rectangle Ra C C whose vertical sides are identified. 

Writing the restriction of (f) to A in terms of the natural coordinate, we 
have 

4> = 4>(z)dz 2 = (a + i(3) 2 dz 2 , 

where a and (3 are real-valued functions defined locally up to a common 
sign away from the zeros of 4>; in particular the functions a 2 , [3 2 and \a\ are 
well-defined almost everywhere. We want to estimate 

/ dz ,\ n f dz , „ „ , 2 



Re((a + ip) 2 ) \dz\' 

A 

1 pE(A) 2 , 



JO 



(a — (5 )dxdy. 



Note that the pairing is computed as an integral over A, rather than X, 
because the Beltrami coefficient dz/dz is understood to be zero on {X — A). 

We first derive the upper bound on the pairing. Since A is a subset of X, 
we have 

(6.2) f 1 [ E(A \a 2 + (3 2 )dxdy = [ \<f>\ < / \<f>\ = E(X). 

JO JO J A JX 

Since [3 2 > 0, the same upper bound applies to the integral of a 2 — /3 2 , giving 
-,^= ^ ^ (a 2 -(3 2 )dxdy<E(X). 

To establish the lower bound on the pairing, note that the horizontal lines 
in Ra represent closed curves in X homotopic to 7, so the total transverse 
measure of any one of these with respect to 9 r (— <f>) is at least E{X). The 
transverse measure of a curve is the integral of | Re \f§\ = \adx — (3dy\, but 
dy = on horizontal lines, so we have 

,E(A) 

/ \a(x + iy)\dx > E(X) 
Jo 
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for all y E [0,1]. Integrating over y and applying the Cauchy-Schwarz in- 
equality, we obtain 

(6.3) I' [ E(A) o?dxdy > E{X? 



o J o 



E{A) 



Multiplying (6.3) by 2 and subtracting (|6.2|) we have 



( f'^iT v -^ a2 ff - E{x) - 



□ 



Note that the proof of Lemma 6.4 is essentially a calculation on the annu- 
lus A and uses little about the enclosing surface X except that it is foliated 
by closed trajectories of (ft. Indeed, the same argument can be applied with 
the compact surface X replaced by an annulus B and with (ft = dz 2 B the 
natural quadratic differential on B, and it is this version we will need in the 



proof of Theorem 6.6 



Lemma 6.5. Let B be an annular Riemann surface of finite modulus and 
A C B a homotopically essential subannulus. Then 



Extremal length and grafting rays. Using Lemma 6.4 as the main tech- 
nical tool, we are now ready to give the 



Proof of Theorem \6.2\ First, we consider the case when A = 7 is a simple 
closed geodesic with unit weight. For brevity let Y± = gr t7 X; we abbreviate 
E{t) = E{ 1 ,Y t ) and£ = %,X). 

The proof of ([I]) follows the usual pattern for an extremal length estimate 
(see |Ker2| §3]): a particular annulus homotopic to 7 bounds E(t) from 
above, while a particular conformal metric on the surface bounds E(t) from 
below. In this case the annulus is the grafting cylinder At C Yt of modulus 
t/£, and the conformal metric on Yt is the Thurston metric-the union of the 
product metric on A t = [0, t] X 7 and the hyperbolic metric of X (see [Tan, 
§2.1]). Applying the geometric and analytic definitions of extremal length 
gives 

t >E ^ > WTA > i-¥ 

where A = 47r(g — 1) and (t& + A) is the area of the Thurston metric; thus 
(j) follows. 

For statement d2|), we must estimate the derivative of extremal length. 
For all s,t > 0, there is a natural quasiconformal map from Yt to Y s that is 
affine on At, stretching it vertically in the natural coordinate, and conformal 
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2 r , 



on (Yt — At). The derivative of this family of maps at s = t is the Beltrami 
differential 



Kt) = -(2t)" 



dz t 



where Zt is the natural coordinate on the grafting annulus At and the Bel- 
trami differential dzt/dzt is understood to be identically zero outside At. 
By Theorem |6.3| the derivative of extremal length along the grafting ray 



is 



(6.4) 



d_ 
dt 



£(t)=2( M (i),0(i)) 



-i / dz t 
\dzt : 



We estimate the pairing (dzt/dzt,4>(t)) using Lemma 6.4 starting with the 
upper bound, we have 

(6.5) lm 



iz A(t))<E(t)<- 



while the lower bound from the lemma gives 



it 



E(t) = —E{ty-E{t). 



Using E(t) > Ijt — A/t 2 on the first term and E(t) < l/t on the second, we 
obtain 



(6.6) 



dzt 
dz t 



> 



2t (I A 



t\t t 2 



£ £ 
- > - 
t ~ t 



AA 



Multiplying (6.5) and (6.6) by —l/t and using the formula (6.4) for the 

4A 



derivative of extremal length, we have 



t 2 ~ dt yi:g t ~< > ~ t 2 t 3 ' 

which gives part ([2]), completing the proof of Theorem 6.2 for simple closed 
geodesies. 

The limiting arguments that extend (1) and (2) to general laminations 
are completely analogous, so we will only give details for the former. Given 
a measured lamination A G M£<(5), define 

^(A,gr sA X) 



8(s,X,X) 



Since hyperbolic length, extremal length, and grafting are continuous on 
JVlX(S') x 7(S), this is a continuous nonnegative function S : M + x MIL(S') x 
7(S) — * M. Part (1) of the Theorem is equivalent to the statement that 5 is 
bounded. We have shown that this is true for simple closed geodesies, i.e. 
there exists C > depending only on x(S) such that for all simple closed 
curves 7 and all s > 0, we have 

8(s, 7 ,X)<C. 
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Suppose that A = C7 is a weighted simple closed geodesic. Since hyperbolic 
length scales linearly in the transverse measure, while extremal length scales 
quadratically, we have 



S(s,crf,X) 



2 2 
s c 



E(j, gr SC7 X) 
5(sc,j,X) < C. 



sc 



Since weighted simple closed geodesies are dense in MiL(S'), and 5 is contin- 
uous, this shows that 5 < C, establishing (1) for all measured laminations. 

A similar limiting argument applies to part (2), where one bounds the 
error function 

i{\X) 



A{s,X,X) = s d 



E(\,gr sX X) + 



In this case, the function A in continuous because extremal length is C 1 
on Teichmuller space (see [GM] ) , with its derivative varying continuously in 
M,£j(S), and since the derivatives of grafting rays depend continuously on 
the lamination (by Theorem |6.1|). □ 



As a consequence of Theorem |6.2[ extremal length decreases along grafting 
rays outside of a compact set in 7(S) of the form {gr A X \ £(X, X) < L}. 

Hyperbolic length. The hyperbolic length of A along a grafting ray is 
more difficult to control than the extremal length, but for the case of a 
single curve with large weight, the same techniques used in the proof of 
give: 



Theorem 6.2 



Theorem 6.6. Let X E 7(S) and let 7 be a simple closed hyperbolic geodesic 
on X. Then the hyperbolic length 0/7 is of order 1/t on the ^-grafting ray 
and is monotone decreasing for all t 3> 0. Specifically, we have 

t 



(1) %,gr, 7 X) 



+ 0(t~ 2 ) 



(2) ^( 7 ,g rt7 X) = -^%^ + 0(t- 3 ) 
as t — » 00, where the implicit constants depend on X and 7. 

Note that Theorem 16.61 includes the results stated in the introduction as 
Theorem 11.51 

Proof. As before let Yt = gr t7 X, and abbreviate £(t) = £(7, Yj) and E(t) = 

A standard argument using the collar lemma shows that the extremal 
and hyperbolic length of a curve are asymptotically proportional when the 
length is small; specifically, we have 

(6.7) irE(t) - CE(t) 2 < i{t) < nE(t) 
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FIGURE 4. The grafting annulus and its lifts to the annular cover. 

for all t such that E(t) < 1, where C is a universal constant. Since E(t) < 1 
for all t > ^(7, X), substituting the estimate for E(t) from Theorem 6.2 
gives Q. 

Now we establish the derivative estimate Let Yi denote the cover 
of Yt corresponding to the subgroup (7) C iri(Yt). Since Y t is conformally 
equivalent to an annulus of modulus 7r/£(t), we have £'(t) = ir^E(Y t ). 

Recall that fj,(t) = (—2t)~ 1 dzi/dzt represents the derivative of Y t , where 
zt is the natural coordinate on At ■ Thus the derivative of the annular covers 
Yt is represented by the pullback Beltrami differential p*(fj,(t)) where p : 
Yt — ► Yt is the covering projection. Let wt denote the natural coordinate on 



Yt. By (6.1) we have 
(6.8) £'(t) 



2ir(p*(n(t)),dw* t 



To estimate this pairing, we analyze the differential p*(fj,(t)); its support 
is the preimage of the grafting cylinder p~ l (At) C Yt, which consists of 

(i) A homotopically essentially annulus At such that : At — > At is 
a conformal isomorphism, and 

(ii) A complementary set 17 = p~ l (At) — At that is a disjoint union of 
countably many simply connected regions Sj C 7( such that the 
restriction of p to any one of them gives a universal covering p| s . : 



as depicted in Figure |4j Therefore we have 
(6.9) {p*{^{t)),dw 2 t ) 
and we can analyze these two terms individually. 



p*( t i(t))dwt+ / p*(,i(t))dwt, 
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By the length estimates of part ([I]), the reciprocal moduli E(At) = 
E(A t ) = £{0)/t and E(Y t ) = £(t)/n differ by 0(i~ 2 ). It follows that the 
subannulus At accounts for nearly all of the area of Yj. In fact, restricting 
the metric \dwt\ to At and using the analytic definition of extremal length 
gives 

Area(it , M >%iW = W £ M_c 

" ' ' ...... ^ 

= £(0)/t and O is 



E(A t 



E(A t 



where C depends on 7 and X. Since Area(Yj, \dwt\ 
disjoint from At, we have Area(0, < C/t 2 . 

This area estimate implies that the second term in (6.9) is negligible, i.e. 

(6.10) 



p*{n{t))dw\ 



< |b*(M*))llooArea(n,|^ t |) 
1 \ fC 2 



< 



2t 



t 2 



0(t~ 



Now we consider the first term in (6.9). Since is a conformal iso- 



morphism, we have P*(n{t))\^ = (— 2t) 1 d2t/dzt where it is the natural 
coordinate of At. Applying Lemma 



6.5 



we have 

1 W 7" E{A t ) 

As before we substitute E(Y t ) = £(t)/n, E(A t ) 
estimates for £{t) to obtain 



p*(^t))dw 2 = {-2ty l (^dw 2 



A, 



E(Y t ). 

= £(0)/t, and apply the 
£(0) 



2t 2 



+ o(r 



(6.8) for £'{t) gives the desired result: 

tt£(0) 



Thus we have estimates for both terms in (|6.9|), and applying the formula 
ssirec 

£'{t) 



t 2 



+ 0(t~ 



□ 



Remark. In |McM| Cor. 3.2], McMullen shows that ^(A,gr tA A) < £(X,X) 
for all X G 7(S), A G JYlX(S') and t > 0; it is also mentioned that this upper 
bound can be strengthened to 



%,gr, 7 X)< 



7T 



7T + t 



for any simple closed curve 7. For details on this and a corresponding lower 



bound, see |DK| Prop. 3.4]. Theorem 6.6 shows that this upper bound is 
asymptotically sharp. 
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